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Our aim is to compute the lower moments of the unpolarized and polarized deep-
inelastic structure functions of the nucleon on the lattice. The theoretical basis of
the calculation is the operator product expansion. To construct operators with the
appropriate continuum behavior out of the bare lattice operators one must absorb the
eects of momentumscales far greater than any physical scale into a renormalization of
the operators. In this work we compute the renormalization constants of all bilinear
quark operators of leading twist and spin up to four. The calculation is done for




This work is part of an ongoing eort [1, 2] to compute the deep-inelastic structure func-
tions of the nucleon both for unpolarized and polarized beams and targets. The theoretical
basis of the calculation is the operator product expansion (OPE). The OPE relates the
moments of the structure functions to forward nucleon matrix elements of local operators.
Lattice simulations of these matrix elements, combined with a perturbative evaluation of
the short-distance parameters of the expansion, i.e. the Wilson coecients, can provide
complete information of the deep-inelastic structure of the nucleon.
A necessary ingredient of the calculation is the renormalization of the lattice operators.
The bare lattice operators are in general ultra-violet divergent. They must be renormalized
such that in the limit of zero lattice spacing the renormalized operators correspond to nite,
Lorentz covariant operators which obey the same renormalization conditions as those in
the continuum. In particular, operator matrix elements and Wilson coecients must be
computed in the same renormalization scheme.
In principle the renormalization constants can be computed in perturbation theory, like
the Wilson coecients. However, the lattice operators may be subjected to large tadpole-
induced renormalizations which lead to poor convergence of the perturbative series, and
the bare coupling constant may not be the most eective expansion parameter to use [3].
Both problems can be remedied by simple redenitions of the basic operators used to dene
the lattice theory and the expansion parameter, once the perturbative result is known.
The validity of this procedure can nally be checked by computing the renormalization
constants non-perturbatively [4, 5].
In this paper we study the renormalization of quark bilinear operators in perturbation




, will be dealt with in a future publication. We shall focus on operators of
leading twist and spin less or equal to four. We use Wilson fermions and work in the
quenched approximation where one neglects the eects of dynamical quark loops. A brief
account of our results was given in ref. [2].
The paper is organized as follows. In section 2 we present the operators and discuss
their transformation properties under the hypercubic group. In section 3 we state the
renormalization conditions. Section 4 contains a brief description of the calculation. The
results are presented in section 5 for a few representations which are particularly suited
for numerical simulations. Finally, in the appendix we give results for the full tensors,
from which the renormalization constants for all other representations can be deduced.
2
2 Operators and Representations
The cross section for deep-inelastic lepton-nucleon scattering can be written in terms of












are the well-known spin averaged
































































































































































































+      traces];(4)
where the superscript f distinguishes the various operators and its Wilson coecients,
and  denotes the subtraction point. In eqs. (2) { (4) f  g ([  ]) means symmetrization







see ref. [6]. In the




















































   traces: (6)
We may do so because we will be working in the quenched approximation. The corre-

























































. We will deal with the gluon operators in a future publication.














under the Lorentz group. The r.h.s. of eqs. (2) and (3) are the only traceless, symmetric
tensors of maximum spin, n and n+1, respectively, one can build from a single momentum
vector and the polarization vector s









, which is also traceless but of mixed symmetry, transforms irreducibly as well.
Again it is only possible to form a single traceless, mixed symmetric tensor from the
momentum and polarization vectors, as given by the r.h.s. of eq. (4). This operator has
spin n and twist three.
The moments (1) are independent of . The operator matrix elements inherit the
-dependence from the renormalization constants, which we will introduce in the next
section. This means that the -dependence of the renormalization constants must `match'














; g()) which are
known perturbatively.
Lattice Operators
We do a Wick rotation to obtain the operators in euclidean space-time. On the lattice we


















































where g is the bare gauge coupling and T
a
are the generators of the SU(3) Lie algebra.










































eq. (14) amounts to redening the potentials at the midpoints of the links connecting two























































































































































































































 (p) and by adjusting the rest of the indices appropriately.
These expressions for the operators, together with the well-known lattice Feynman
rules [7, 8], will form the basis of our calculation.
Representations
In euclidean space-time the Lorentz group is replaced by the orthogonal group O(4),
which on the lattice reduces to the hypercubic group H(4)  O(4). Accordingly, the
lattice operators are classied by their transformation properties under the hypercubic
group and, of course, charge conjugation.
In the continuum it was relatively easy to identify the operators of leading spin trans-
forming irreducibly under the Lorentz group. The corresponding lattice operators will
5
in general not transform irreducibly, which allows them to mix with lower-dimensional
operators under renormalization. A necessary condition for a lattice operator to be mul-
tiplicatively renormalizable is that it belongs to an irreducible representation of H(4).





































Usually only C = + operators contribute to the OPE (1). In the quenched approximation,





with odd n are relevant.
In ref. [9] we have identied all irreducible representations carried by the operators
O and O
5
up to rank four. Furthermore we have given explicit bases for all irreducible
subspaces. We will summarize our results here.
We follow the notation of ref. [10] (see also ref. [11]) and denote the irreducible represen-
tations of H(4) by 
(l)
k
, where l is the dimension of the representation and k distinguishes












































































































































We have distinguished between representations on totally symmetric tensors and tensors
of dierent symmetry. We see that, unlike in the continuum, the representations are not
uniquely determined by requiring, e.g., that the tensors are traceless and symmetric. There
are several representations which appear twice, e.g., 
(8)
1
in eq. (22), and we will see that
they can mix due to the presence of non-O(4) covariant contributions, which complicates
the matter considerably.




















































































Again, there is the possibility of mixing under renormalization. Unlike in the continuum,
operators of the form (5) may also mix with operators of the form (6).
The numerical simulations are greatly facilitated if one keeps the spatial momenta as
small as possible. We shall therefore concentrate on those representations which require
a non-zero external momentum in at most one spatial direction. The renormalization
constants of the operators in the other representations will be given in the appendix.
We assume that the spatial momentum is either zero, or non-zero only in the 1-
direction. Following ref. [9], we are then led to consider the operators and representations



































Both operators belong to the representation 
(8)
1
. In case of the operator O
fg
we will
consider two dierent representations. In the continuum limit both of them must lead
to the same nal result. The purpose is to check for nite cut-o eects in combination
with our numerical simulations. In the last column of the table we have listed the matrix
elements to which the operators contribute. Note that we have changed our notation. The
operator (28) is the negative of the operator considered previously [2].
3 Renormalization Conditions
Let us denote the lattice regularized operators by O(a). We then dene nite operators





































































































Table 1: The operators and their representations.
where the superscripts l;m mark dierent operators transforming according to the same
representation.
We will assume for the moment that there is only one representation of its kind. Let
us then regard the full theory with quark and gluon operators rst, before we go to the




























where q (g) stands for quark (gluon). In perturbation theory one considers Green functions
of the operators (5) { (8) computed between external o-shell quark and gluon states in

















()jq(p)i = 0; (33)
hg(p)jO
q















with jq(p)i (jg(p)i) being a quark (gluon) state of momentum p. The understanding of
eqs. (32) and (35) is that the conditions hold for those contributions which are propor-
tional to the tree-level expressions. In the limit a ! 0 these conditions amount to the
8
continuum, momentum subtraction renormalization scheme. One obtains operators that
are multiplicatively renormalizable by diagonalizing the anomalous part of the matrix of
Z's in eq. (31).




This implies furthermore that Z
qg




























Thus, in the absence of dynamical quark loops, the (singlet) quark operators do not mix
with gluon operators under renormalization.
4 Outline of the Calculation
The task is now to compute hq(p)jO(a)jq(p)i for quark operators such as listed in table 1.
General Considerations
We use the standard Wilson action with r = 1. The calculation is done for zero renor-
malized quark mass. We work in the Feynman gauge. The Feynman diagrams we have
to calculate are listed in g. 1. Only the operators which contain at least one covari-
ant derivative receive contributions from the operator tadpole (g. 1b) and cockscomb
(gs. 1c,d) diagrams.


















(a; p; k); (39)
where the integration is over the rst Brillouin zone  =a  k

< =a. We follow Kawai
et al. [7] and write
I =
e








































































































































































































































































































































































Figure 1: The lattice Feynman diagrams: (a) the vertex diagram, (b) the operator tadpole
diagram, (c,d) the cockscomb diagrams, (e,f) the self-energy diagrams and (g,h) the leg
tadpole diagrams.
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is the Taylor expansion of the integral in the external momentum p. The order of the
expansion is determined by the degree of ultraviolet divergence of I, so that the integral
I  
e
I is rendered ultraviolet nite. The latter can then be computed in the continuum,
i.e. taking a ! 0. The lattice integrals that remain to be computed do not depend on
p, which greatly simplies the calculation. However, the Taylor expansion about p = 0
will in general create an infrared divergence. In order to regularize this divergence we
use dimensional regularization with d > 4. The infrared singularities manifest themselves
as poles in  = 4   d. The infrared poles of
e





I vanishes in the continuum limit. This can happen because
the infrared divergence of
e
I cancels exactly its ultraviolet divergence, thus turning the
ultraviolet divergent integral I into an ultraviolet nite, but infrared divergent expression.
The ultraviolet divergent contributions of the lattice integrals will cancel in the operators
which we are interested in.
The calculation is done analytically as far as this is possible. Using Mathematica
[12], we have developed a program package which, as input, only requires to state the
Feynman diagram one wants to compute in symbolic form by specifying the operator,
propagators and vertices dening the loop. The program then collects the various building
blocks, works out the Dirac structure and does the necessary expansions. The continuum
integrals are calculated analytically, including the infrared pole terms. The lattice integrals
are separated into infrared singular and infrared nite integrals. The infrared singular
integrals are computed analytically, while the nite integrals are computed numerically,
as we will describe in the next section. The gamma matrices are chosen to anti-commute
with 
5
, according to ref. [13]. This choice is not quite consistent with the axial anomaly
[14]. But for the quenched calculation, as well as for non-singlet matrix elements, this
should not matter. The results may dier though for the various schemes. Which scheme
one will use nally will depend on the scheme that has been employed to compute the
Wilson coecients.
Lattice Integrals


















































































































































































































B can be reduced to a linear com-
bination of one-dimensional elementary integrals, with exactly known coecients, which
can be computed to high precision.
















































is reduced by two. By repeating this procedure several times, all infrared divergences are
shoveled into purely gluonic integrals, which again can be computed analytically. This
leaves us with infrared nite fermionic integrals of the form (42) only.
As we already mentioned, these integrals will have to be computed numerically. Be-
cause the nal expressions involve quite a few of these integrals, in particular for the higher
operators, we need to know their values to a high degree of accuracy. The rst method we
tried was integration by Monte Carlo using VEGAS [16]. This led to large errors, in par-
ticular for the rank four operator. The second method we employed was four-dimensional
Gauss-Legendre integration. Let us discuss and compare the two methods.
For deniteness, let us consider the integral




















Because the integrand is an even function of k

, we may reduce the region of integration
to the interval [0; =a]. Using 50 iterations with approximately 80,000 integration points,
VEGAS gives the result
B(2; 2; 3; 0; 0; 0) = 0:0037450(5): (50)
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Figure 2: The lattice integral B(2; 2; 3; 0; 0; 0) as a function of 1=N
4
. The line is a linear
t to the data points.
The Gauss-Legendre method distributes the integration points according to the zeroes
of the Legendre polynomials. The density of integration points is particularly high near
the endpoints. The endpoints themselves are, however, not covered. This feature is
particularly well adapted to our type of integrals. We have computed the integral (49)









The result is shown in g. 2. The agreement with our expectation is very good. We nd
similarly good results for all other integrals as well. We may therefore t eq. (51) to the
data and take B = B[1] as our nal result, with the error being given by its variance. We
then obtain
B(2; 2; 3; 0; 0; 0) = 0:0037455898(1): (52)
This result is accurate to three more digits than the integration by Monte Carlo.
13
As an independent test we have computed the analytically known integral [15]
B(0; 1; 1; 1; 0; 0) Z
1
= 0:1077813135399: (53)




which agrees with the result (53) up to the rst 11 digits.
5 Results

























is the anomalous dimension of the operator. The same anomalous dimensions
must appear in the corresponding Wilson coecients, so that the product of Wilson co-
ecient and operator matrix element is independent of . Obviously, the anomalous
dimensions do not depend on the particular choice of representation of H(4) within a
given O(4) multiplet.
Two Examples
Before we state our results, let us present two examples which may serve to illustrate in
what aspects the lattice calculation diers from the continuum calculation.
The First Moment
Let us rst consider the operator O












































). See table 8 in the appendix for values of the coecients. Note
that the contribution with factor c
3




This corresponds to the representation 
(6)
3

















































The standard renormalization procedure then leads to
Zhq(p)jO
f14g















































Making use of the fact that Z = 1 +O(g
2
), we obtain







There is no other operator transforming under 
(6)
3













This corresponds to the representation 
(3)
1






































































































































































































Making use of the fact that Z = 1 +O(g
2
), we obtain









There is no other operator transforming under 
(3)
1
with which this operator could mix.
The origin of the dierence of the renormalization constants (60), (64) is the presence
of the non-O(4) covariant contribution to (56).
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The Second Moment
Let us now consider the operator O


















































































































). See table 9 in the appendix for values of the coecients. The terms
not listed here explicitly do not contribute to the specic operators which we will consider















This corresponds to the representation 
(8)
1






























































































































































































give rise to mixing with another operator of the same representation






























































































































































































This is not a mixing in the usual sense as the matrix of anomalous dimensions is diagonal.

















































































































































































































One can nd other operators which do not give rise to mixing, but they require that








requires special attention. To one loop it does not mix. However
it turns out that hq(p)jO
5
[2f1]4g
























This contribution is directly proportional to r and vanishes for naive fermions.
At rst sight the occurrence of such a contribution might be surprising. But there is
a good reason for that. In the OPE for g
2



































   traces; (76)
where m
q
is the quark mass. This explicitly quark mass dependent operator has also twist
three. Usually, when the quark mass is renormalized multiplicatively, this operator can
be neglected when one is only interested in the chiral limit. However, for Wilson fermions
the situation is dierent. The divergent contribution (75) is exactly the contribution that





We shall now present our numerical results. We will rst consider the operators listed in










jq(p)i for general indices, from which the renormalization
constants of all other representations [9] can be deduced.
The results for the anomalous dimensions 
O
are listed in table 2. The numbers agree
with the anomalous dimensions known from the non-singlet Wilson coecients [18].
The nite parts of the renormalization constants B
O
are given in tables 3 { 6. Here
we have also listed the individual contributions of the vertex, cockscomb, leg self-energy,
leg tadpole and operator tadpole diagrams. (Remember that we are working in Feynman
gauge.) The contribution of the leg tadpole diagram is
8
2





where we have used [15] Z
0











is the number of covariant derivatives of the operator. There are n
D
operator





























































































Here the result (78) holds for c
1
, the order g
2












. The operator tadpole diagrams have the
opposite sign to the leg tadpole diagrams. In the case of the operator O

, which contains
one covariant derivative, leg tadpole and operator tadpole diagrams cancel exactly. In all
other cases the tadpole diagrams account for more than 60% of the total contribution.














) dier only in the vertex contribution to the nite part.
Conversion to the MS Scheme
The Wilson coecients are usually computed in the MS scheme, so that one would need
to know the renormalization constants in this scheme too. The result in theMS scheme is
easily obtained. In table 7 we give the nite contribution of the continuum integrals to B
O
,





= 0:57721566 is Euler's constant. The renormalization





















































































Vertex 1.357071(1) -0.0559027(9) -1.2849696(4) 1.0080635(2)
Cockscomb -6.73958572(2) 0.21263441(7) 7.4327048(3) -2.0391253(2)

















































Total -19.571840(1) -0.36847847(9) -3.3060478(2) -16.7960186(1)






























































Vertex 3.94387868(6) 0.661669(1) 0.9887912(2)
Cockscomb { -7.6095645(2) -4.0525425(2)





















Total 15.79628324(6) -19.561590(1) -15.6774470(1)


































































































































We have computed the renormalization constants of the leading twist lattice bilinear quark
operators up to spin four. The calculation was done in the quenched approximation using
Wilson fermions with r = 1. Results for other values of r can be obtained from the authors.
For non-singlet quark operators and to one-loop order there is no dierence between the
quenched approximation and the full theory including dynamical quarks. The dierence






The renormalization constants for the axial vector current O
5

and for the operator
O
f14g










) and its mixing parameters was done in parallel [21]
to ours [2]. These authors use a slightly dierent basis of operators though. The results
all agree.
We have explicitly stated the contributions that come from the tadpole diagrams. It
is then straightforward to compute the renormalization constants in tadpole improved
























































































This reects the fact that one nds n
D
operator tadpole and one leg tadpole diagrams,































instead. One factor of u
F
will be absorbed














is expected to have













). As the expansion
parameter g

one uses the coupling constant renormalized at some physical scale. In ref. [5]
we have compared our results with tadpole improved perturbation theory.
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In this appendix we shall present our results for the full tensors. We are only interested














































































































































The numerical values of the coecients c; c
5
for the nite contributions are listed in tables























). They will cancel
out after symmetrization and subtraction of the traces. The singular contributions may
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Table 11: The operator O

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